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1 Math Introduction

• G group: Ta — hermitian generators

• H subgroup: Sa — hermitian generators

algebra G of the group G:
[Ta, Tb] = iFabcTc (1)

normalization of the generators:

Tr(TaTb) =
1
2
δab (2)

algebra H of the subgroup H:
[Sa, Sb] = ifabcSc (3)

introducing non-H generators Xa:

{Ta}Na=1 = {X1, . . . , XP , S1, . . . , SM}, P +M = N (4)

consequences:
(2) ⇒ orthogonality of Sa and Xb:

Tr(SaXb) = 0 (5)

(5) ⇒
[Sa, Xb] = if̃abcXc (6)

(2), (3) ⇒
ifabc = 2Tr([Sa, Sb]Sc) (7)

(2), (5) ⇒
if̃abc = 2Tr([Sa, Xb]Xc) (8)

(7), (8) ⇒
faac = fabb = faba = 0, f̃abb = 0 (9)

with no summing over repeated indices.
(5) ⇒

[Xa, Xb] = if̃cbaSc + if̂abdXd (10)

some definitions:

1



• coset space: G/H

• involutive automorphism τ on G:

∀g ∈ G : g 7→ τ(g) ∈ G such that τ 2(g) = g (11)

the symmetric coset space:

• The Eq. (10): if f̂abd = 0,∀a, b, d, then G/H is called a symmetric space:

[Xa, Xb] = if̃cbaSc (12)

• if G/H is the symmetric space then the mapping τ

∀x ∈ G : τ(x) =





+x, x ∈ H
−x, x ∈ G −H (13)

is the involutive automorphism on G. Indeed, τ 2(±x) = x ⇒ τ 2(g) = g, and

[τ(Sa), τ(Sb)] = ifabcτ(Sc), (14)

[τ(Sa), τ(Xb)] = if̃abcτ(Xc), (15)

[τ(Xa), τ(Xb)] = if̃cbaτ(Sc). (16)

summary:
in general

[H,H] ⊂ H, (17)

[H,G −H] ⊂ G −H, (18)

[G −H,G −H] ⊂ G. (19)

if G/H is the symmetric space
[G −H,G −H] ⊂ H (20)
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