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1 Some important Lie groups

U(n):
The defining (fundamental) representation of the U(1) group consists of all unitary n×n matrices.
They must satisfy the unitarity requirement

UU † = 1. (1)

The U(1) group elements are complex numbers of unit modulo, i.e. of the form exp(iα).

SU(n):
The same as U(n) plus the condition

detU = 1. (2)

Any unitary matrix can be written as

U = exp(iH), (3)

where H is a Hermitean matrix. The condition (2) implies that H is traceless. There are N2 − 1
linearly independent N ×N Hermitean traceless matrices T a. Thus

U = exp(iαaT a), αa ∈ R, a = 1, . . . , N2 − 1, (4)

where T a are so-called generators. Their commutator [T a, T b] is antihermitean and traceless.
Hence it can be expressed as a linear combination of T a’s: [T a, T b] = ifabcT c. The commutation
relation defines the algebra of the group. The coefficients fabc of the linear combination are called
the structure constants of the group. In the case of SU(2) the commutator is

[T a, T b] = iεabcT c, (5)

where εabc is the Levi-Civita total antisymmetric tensor, and T a ≡ τa = σa/2, where σ1, σ2, σ3 are
the Pauli matrices.

The fundamental representation of SU(N) acts on an N -dimensional vector

ξ′i = U i
jξ
j, i, j = 1, . . . , N. (6)

There is a non-trivial N dimensional representation that is complex conjugate to the SU(N)
fundamental representation1. The complex conjugate representation can be obtained from (6)

(ξ′i)∗ = (U i
j)
∗(ξj)∗ = (U †)ji(ξ

j)∗. (7)

1In general, given a matrix representation of a group the complex conjugate matrices also comprise a represen-
tation of the same group, the complex conjugate representation.
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It is convenient to define an object ξi which transforms in the same way as the complex conjugate
vector (ξi)∗. Then

ξ′i = ξj(U
†)ji. (8)

We used upper and lower indices to distinguish vectors transformed by different N -dimensional
representations of the SU(N) group. Sometimes the upper index vector is called covariant and
the lower index vector contravariant.

Let us consider a tensor Ξi
j which transforms as a product of a covariant and a contravariant

vectors
Ξ′ij = U i

k(U
†)ljΞ

k
l , (9)

or
Ξ′ = UΞU †. (10)

If the tensor is traceless it defines the adjoint representation of SU(N) group. If the matrix Ξ is
hermitean2 it can be written as a linear combination of the generators T a, Ξ = ωaT a.

The SU(2) group is locally isomorphic to SO(3) which is the group of three-dimensional rota-
tions. Indeed, any 2 × 2 hermitean traceless matrix X can be expressed as a linear combination
of the Pauli matrices, X = xaσa = ~x~σ. Let us note that (TrX2)/2 = (~x)2. The SU(2) transfor-
mations do not spoil hermitivity and tracelessness of X, thus X ′ = UXU † = ~x′~σ. Finally, since
~x′2 = (TrX ′2)/2 = Tr(UXU †UXU †)/2 = (TrX2)/2 = ~x2 the SU(2) transformations rotate the
vector ~x to the vector ~x′ = R~x,R ∈ SO(3). Thus we can associate a rotation with any given
U ∈ SU(2). Since U and −U give the same rotation the group SU(2) double covers SO(3).

2 Global internal symmetries of free-fermion Lagrangians

A free electron:

L = ψ̄i6∂ψ −meψ̄ψ. (11)

This Lagrangian is invariant under U(1) transformations

ψ → exp(iα)ψ, ψ̄ → exp(−iα)ψ̄. (12)

However, the Lagrangian can be rewritten as

L = ψ̄Li6∂ψL + ψ̄Ri6∂ψR −me(ψ̄LψR + ψ̄RψL), (13)

where ψL,R = (1∓ γ5)/2. In the case of massless electrons, me = 0, the Lagrangian acquires even
higher symmetry, namely U(1)L × U(1)R, under which the fields transform as follows

ψL,R → exp(iαL,R)ψL,R, exp(iαL,R) ∈ U(1)L,R. (14)

The symmetry in which “left” and “right” fields of the same particle can transform independently
is called chiral. The group U(1) of (12) is a “diagonal” subgroup of U(1)L×U(1)R; it is obtained
by putting αL = αR in (14).

2The adjoint representation of the SU(N) transformations preserve (anti)hermiticity.
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A free electron and a free neutrino:

L = ν̄i6∂ν + ēi6∂e−mν ν̄ν −meēe. (15)

This Lagrangian is invariant under U(1)ν × U(1)e:

ν → exp(iαν)ν, exp(iαν) ∈ U(1)ν , (16)

e → exp(iαe)e, exp(iαe) ∈ U(1)e. (17)

If m = mν = me the both particles would behave in the same manner. Thus the whole system
should have higher symmetry reflecting the equivalence of the neutrino and the electron. Assuming
equal masses the Lagrangian (15) can be rewritten in a more compact form

L = Ψ̄i(I2⊗6∂)Ψ−mΨ̄Ψ, (18)

where I2 is a 2× 2 unit matrix and the both fields were introduced as a doublet

Ψ =


 ν

e


 . (19)

The Lagrangian (18) is invariant with respect to the U(2) = SU(2)×U(1) group of transformations

Ψ→ U exp(iα)Ψ, U = exp(iϕaτa) ∈ SU(2), exp(iα) ∈ U(1). (20)

The doublet (19) is a member of a two-dimensional vector space. This space is closed with respect
to the symmetry transformations. All vectors of this internal vector space represent equivalent
physical systems.

The Lagrangian (18) can be rewritten in the following way

L = Ψ̄Li(I2⊗6∂)ΨL + Ψ̄Ri(I2⊗6∂)ΨR −m(Ψ̄LΨR + Ψ̄RΨL), (21)

where

ΨL,R =


 νL,R

eL,R


 . (22)

If m = 0 the symmetry of the Lagrangian gets promoted to the chiral one, SU(2)L × SU(2)R ×
U(1)L × U(1)R. The transformations of the fields are

ΨL,R → UL,R exp(iαL,R)ΨL,R, UL,R = exp(iϕaL,Rτ
a) ∈ SU(2)L,R, exp(iαL,R) ∈ U(1)L,R. (23)

Note that transformations (20) are the “diagonal” subgroup of SU(2)L×SU(2)R×U(1)L×U(1)R.
They are obtained from (23) if αL = αR and ϕaL = ϕaR.

3 Interaction with a single vector field

In the Lagrangians of Section 2 we would like to introduce an interaction of fermions with a single
vector field Aµ without spoiling the Lagrangian symmetries. Let us call the field photon. The
simplest interaction term fulfilling the space-time symmetries has a structure

ψ̄ 6Aψ, (24)

where 6A = Aµγ
µ, as usual, and ψ is a Dirac bispinor. What follows is a list of the Lagrangians

introduced above and extended by the apropriate interaction term of fermions with a photon:
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• The U(1) Lagrangian (g is a coupling constant):

L = ψ̄i6∂ψ −meψ̄ψ + gψ̄ 6Aψ. (25)

Transformation of A:
U(1) :6A→6A (26)

• The U(1)L × U(1)R Lagrangian ( gL,R are coupling constants):

L = ψ̄Li6∂ψL + ψ̄Ri6∂ψR + gLψ̄L 6AψL + gRψ̄R 6AψR. (27)

Transformation of A:
U(1)L,R :6A→6A (28)

• The U(1)ν × U(1)e Lagrangian ( gν,e are coupling constants):

L = ν̄i6∂ν + ēi6∂e−mν ν̄ν −meēe+ gν ν̄ 6Aν + geē 6Ae. (29)

Transformation of A:
U(1)ν,e :6A→6A (30)

• The SU(2)× U(1) Lagrangian ( g is a coupling constant):

L = Ψ̄i(I2⊗6∂)Ψ−mΨ̄Ψ + gΨ̄(I2⊗6A)Ψ. (31)

Transformation of A:
U(1) :6A→6A, SU(2) : I2⊗6A→ I2⊗6A (32)

• The SU(2)L × SU(2)R × U(1)L × U(1)R Lagrangian (gL,R are coupling constants):

L = Ψ̄Li(I2⊗6∂)ΨL + Ψ̄Ri(I2⊗6∂)ΨR + gLΨ̄L(I2⊗6A)ΨL + gRΨ̄R(I2⊗6A)ΨR. (33)

Transformation of A:

U(1)L,R :6A→6A, SU(2)L,R : I2⊗6A→ I2⊗6A (34)

In other words, the field 6A is always a singlet with respect to the groups in concern; it stays
invariant. Regarding the standard kinetic and mass terms for the field Aµ:

F µνFµν , Fµν = ∂µAν − ∂νAµ, (35)

m2
AA

µAµ, (36)

respectively, they are invariant, and thus acceptable, for all cases under consideration.
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